Abstract-Single photon emission computed tomography (SPECT) imaging with cone-beam collimators provides improved sensitivity and spatial resolution for imaging small objects with large field-of-view detectors. It is known that Tuy's cone-beam data sufficiency condition must be met to obtain artifact-free reconstructions. Even though Tuy's condition was derived for an attenuation-free situation, we hypothesize that an artifact-free reconstruction can be obtained even if the cone-beam data are attenuated, provided the imaging orbit satisfies Tuy's condition and the exact attenuation map is known. In our studies, emission data are acquired using nonplanar circle-and-line orbits to acquire cone-beam data for tomographic reconstructions. An extended iterative ML-EM (maximum likelihood-expectation maximization) reconstruction algorithm is derived and used to reconstruct projection data with either a pre-acquired or assumed attenuation map. Quantitative accuracy of the attenuation corrected emission reconstruction is significantly improved.
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I. INTRODUCTION
U SING CONE-BEAM collimators in single photon emission computed tomography (SPECT) provides improved sensitivity and resolution for imaging small organs with large field-of-view rotating gamma cameras [1] - [5] . However, present SPECT systems acquire data using planar orbits which do not provide sufficient data for exact cone-beam reconstruction. Tuy's data sufficiency condition requires that each plane passing through the reconstruction region must intersect the orbit of the focal point trajectory [6] . Helical orbit [7] and circle-and-line orbit (see Fig. 1 ) [11] acquisitions satisfy this condition and are easy to implement on present SPECT systems.
In cone-beam reconstruction, it is known that if the focal point follows a planar orbit, the acquired projection data do not provide sufficient information to reconstruct the image exactly. An exact image reconstruction can be obtained if the conebeam projection data satisfy Tuy's data sufficiency condition. Tuy's condition states that if any plane that intersects the object intersects the orbit of the focal point and the detector plane at least once, and for each source point all rays crossing Manuscript received December 1, 1995; revised May 24, 1996 and July 30, 1996. This work was supported in part by the NIH under Grant R29 HL51462 and by Picker International.
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Publisher Item Identifier S 0018-9499(97)01523-2. the object intersect the detector, then there should be sufficient cone-beam projection data to recover Tuy's data sufficiency condition was derived for an unattenuated cone-beam projection case. However, in SPECT the cone-beam projections are attenuated by the body, and the attenuation coefficient is not uniformly distributed. It is unknown whether the Tuy's data sufficiency condition still holds for the attenuated cone-beam projections. A new data sufficiency condition is needed to be developed for the attenuated conebeam projections. In this paper, we hypothesize that if we have the exact attenuation coefficient map of the object (for example, obtained from transmission CT reconstruction) and the emission cone-beam projections that satisfy the Tuy's data sufficiency condition, we can reconstruct the image exactly with attenuation compensation.
The Feldkamp algorithm [9] is the most widely used analytical cone-beam reconstruction algorithm which uses the projections acquired from a circular orbit. However, it is an approximation algorithm. Some other approximation algorithms have been developed for a number of nonplanar orbits such as a dual orthogonal orbit [10] , a circle-andline orbit [11] , and a spiral orbit [12] . To obtain an exact image reconstruction from cone-beam projections, several exact algorithms have also been developed. Grangeat proposed an exact reconstruction algorithm [13] ; we have implemented this algorithm for the helical orbit [7] . Kudo and Saito [14] also proposed and implemented an exact cone-beam reconstruction algorithm for acquisitions of a dual orthogonal orbit and a helical orbit on a sphere. Their algorithm is based on Tuy's [6] and Smith's [15] theory. We have implemented both Tuy and Grangeat's formulas [22] , [7] . M. Defrise and R. Clack [16] developed a cone-beam reconstruction algorithm 0018-9499/97$10.00 © 1997 IEEE using shift-variant filtering with cone-beam backprojection. All these algorithms were derived by ignoring the attenuation effects. To add attenuation compensation to the cone-beam algorithms is very challenging. Weng et al. [19] derived a filtered backprojection algorithm for uniformly attenuated cone-beam projections, but the algorithm assumed that the scanning trajectory is the whole sphere, which is not practical in SPECT.
The iterative reconstruction algorithm for cone-beam geometry with attenuation correction was described several years ago [17] . Iterative algorithms better model the physics of the imaging detection process such as the photon attenuation, scatter, and detector geometry response than analytical algorithms but are computationally more intensive. For each iteration a projection and backprojection operation is performed. These operations model attenuation, collimator geometric response, and scatter. However, it is challenging to make the iterative algorithms efficient.
To the authors' knowledge, no one has applied iterative algorithms to cone-beam projections acquired from nonplanar orbits. It is necessary to investigate the nonplanar orbit reconstructions in terms of accuracy and texture. A set of complete measurements does not always guarantee an artifactfree reconstruction, especially for iterative algorithms. This is because the voxel modeling and sampling affects the reconstruction significantly. In a cone-beam geometry, each voxel is sampled anisotropically, and also the object itself is not sampled uniformly.
This paper uses an iterative approach to correct for photon attenuation. Photon attenuation in SPECT is a major factor contributing to the quantitative inaccuracy and the decrease in specificity of lesion detection. A three-dimensional (3-D) measured map of the attenuation distribution can be used in combination with iterative reconstruction algorithm to accurately compensate for the variable attenuation of the body. This 3-D map of attenuation distribution can be obtained by the reconstruction from the cone-beam transmission projections with data sufficient orbits. This paper extends the iterative ML-EM algorithm [8] by introducing a set of weighting factors which handle the truncation and anisotropical sampling. Circle-and-line orbits are used in this paper for computer simulations and for physical Defrise phantom studies. A dualdetector cone-beam collimated SPECT system (Picker PRISM 2000) is used to acquire the phantom emission data. The emission source is Tc-99m. The attenuator is a cylinder with known dimensions, location, and an attenuation coefficient of water. Combining the 3-D attenuation map with the cone-beam emission data, we use the extended iterative ML-EM algorithm to reconstruct the image of radiopharmaceuticals distribution with accurate compensation for attenuation.
II. ALGORITHM
The iterative ML-EM reconstruction algorithm [8] is popular in SPECT, due to the fact that it models the Poisson noise and produces nonnegative images. However, in cone-beam tomography with nonplanar scanning orbits, the sampling is anisotropical. For example, in a circle-and-line orbit, there are more views on the circle than on the lines. To make samples pseudo-uniform, it is suggested to weight the projections on the lines more than the projections on the circle. When the detectors traverse the linear orbit, the object is likely to be truncated on either the top or the bottom. Therefore, it is desired to weight the projections close to the truncation edges less.
The ML-EM algorithm can be expressed as (1) where is the result at the th iteration for the th voxel in the image, is the th projection bin, and is the projection weighting from the th image voxel to the th projection bin. Equation (1) can be rewritten in the additive, matrix form as (2) where is the array of image voxels at iteration is the array of projections, is the projection matrix with elements is the backprojection matrix (i.e., the transpose matrix of is a diagonal matrix (3) controlling the update step size, and is another diagonal matrix (4) Each diagonal element in is the reciprocal of the reprojection of the current estimate and the reprojected value is an estimate of the data Poisson variance. Therefore, matrix weights each projection approximately according to its Poisson variance. We now modify so that it also weights the projections according to their sampling uniformity and the potential edge of truncation. By introducing nonnegative weighting factors (4) becomes (5) In this paper, the weighing factors are heuristically determined. It has been shown [20] that in an iterative algorithm one can replace the backprojection matrix by a different matrix under the conditions that is a square matrix and all eigenvalues of are positive. For example, it is valid that the projection matrix models the attenuation, but the backprojection matrix does not model the attenuation. If the projections are consistent, both projector/backprojector pairs and give the same optimal solution. However, when the projections are not consistent, the solutions from and are different (see the Appendix). In this paper, the cone-beam projector is a ray-driven, line-length, and attenuation factor weighted, while the backprojector is voxel-driven and does not include the attenuation factors. This combination is motivated by reducing square-voxel artifacts [18] and reducing reconstruction time. This combination can also be seen as an "output-data driven interpolation," which is in general the most accurate method to calculate an integral from discrete samples.
With these modifications, the extended algorithm is as follows [in the form of (1)]: (6) This algorithm preserves the property that the estimated image is always nonnegative.
III. METHODS

A. Orbits
We required that orbits must satisfy the data sufficiency condition, and they have to be easily implemented on present SPECT system. The circle-and-two-line ( Fig. 1) orbit was thus chosen. This orbit can be implemented with a two-detector SPECT system; the orbit is formed in two motions: Motion 1: detectors translate, and Motion 2: each detector rotates a half-circle.
According to Tuy's condition, if the object can be contained inside a cylinder of radius of and high of (see Fig. 2 ), then the length of the lines in a circle-and-two-line orbit, can be determined by (7) where is the radius of the circular orbit. Similarly, for the circle-and-one-line orbit, the length of the linear orbit is given by (8) For the circle-and-three-line orbit, the length of the linear orbit is given by (9) We need to point out that by cone-beam orbits we mean the trajectories of the cone vertex; the detector can be tilted and the focal-length can also be variable. There are many variations for the circle-and-line orbits. One can use a patient contour orbit to replace the circular orbit, or one can use curves to replace the straight lines. We do not claim that the circle-and-line orbits are the optimal to use. In fact, the sinusoid-around-the-cylinder orbits may be superior in terms of sampling uniformity [21] . With the extended ML-EM algorithm, it is easy to assign the weighting factors for the projections acquired from different parts of the orbit.
B. Weighting Factors in the ML-EM Algorithm
If the focal point of the cone-beam geometry is not uniformly distributed over the sphere, the voxels are anisotropically sampled, and severe orbit-dependent artifacts appear in the ML-EM reconstruction. If a circular focal point orbit is used, a line-length weighting projection/backprojection pair gives bright and dark ring artifacts which are predictable from the voxel location, voxel size, and cone-beam focal length [18] . These types of artifacts are not seen in two-dimensional (2-D) reconstructions or 3-D parallel-beam reconstructions. Here we propose a weighting factor [ in (6) ] which weighs the projections from the circular orbit less and weighs the projections from the linear orbit more. The projection data from the linear orbit are likely truncated as the detectors move away from the central plane. Therefore, a cosine-shape weighting is designed to gradually de-emphasize the projection data as the location gets closer to the detector edges and a factor of 2 is used for the fewer number of views along the linear orbit. The weighting factor is suggested as if is from circular orbit if is from linear orbit (10) where is the normalized distance from the edge of the detector orthogonal to the linear orbit. When the location of is at the central line of the detector, is unity.
C. Projector and Backprojector
To reduce the voxel sampling artifacts in cone-beam iterative algorithms, remedies have to be employed. With a circular orbit, we found the following combination to be very effective to reduce (or even remove) the voxel sampling artifacts: a ray-driven projector with line-length weighting and a voxel-driven backprojector with bilinear interpolation [18] . For the nonplanar orbit studies, we used the same projector/ backprojector combination. The line-length weighted projector also modeled the attenuation effects with a known attenuation map; however, the voxel-driven backprojector did not model the attenuation.
D. Computer Simulation
A circle-and-two-line orbit shown in Fig. 1 was used to generate the cone-beam projections. The cone-beam focal length was 46 units, where one unit is the length of the projection bin size. The detector bin and the image voxel were the same size. The circular orbit radius was 46 units and the linear orbit length was 31.4 units. There were 120 views for the circular orbit and 22 views for each of the linear orbits. Some of the projections from the linear orbit are shown in Fig. 3 . The projection arrays were 64 64, and the image array was 64 64 64. A mathematical Defrise phantom consisting of six discs which were contained in a nonuniform spherical attenuator as illustrated in Fig. 4 was used. Each of the six discs had radius 16 and thickness 2 and had the same amount of activity. The gap between discs was 2 units. The attenuation coefficient in the greatest part of the sphere was 0.075 per unit and was 0.005 per unit within the internal small ellipsoid (semi-axes: 18, 18, and 2). The small ellipsoid attenuator surrounded the third source disc from the top. The attenuated cone-beam projections were generated using a line-length weighted projector, and no noise was added. A 2-D low-pass filter was applied to the projections before reconstruction so that the projections did not exactly match the reprojections in the reconstruction algorithm.
E. Physical Defrise Phantom Study
Cone-beam projection data from a physical 3-D Defrise phantom (see Fig. 5 ) were acquired by the Picker PRISM 2000 system shown in Fig. 6 . The cone-beam collimators had a focal-length of 70 cm. The detector pixel size was 0.933 cm. The detector orbits had a radius of 22.43 cm, that is, the conebeam vertex orbit had a radius of 47.57 cm. Each linear orbit was 20 cm and had 11 views. Projection data were stored in 54 38 arrays and were reconstructed in a 64 64 64 image volume. The circle-and-two-line orbit used in this experiment is shown in Fig. 1 . The emission source was Tc-99m. The attenuator (water) was a cylinder with known dimensions and location (see Fig. 5 ).
F. Physical Hoffman Brain Phantom Study
Cone-beam projection data from a physical 3-D Hoffman brain phantom were also acquired by the Picker PRISM 2000 system with the same collimators and detector pixel size as in the Defrise phantom study. The detector orbits had a radius of 19.46 cm, that is, the cone-beam vertex orbit had a radius of 50.54 cm. Each linear orbit was 10 cm and had 11 views. Projection data were stored in 54 38 arrays and were reconstructed in a 64 64 64 image volume. The circleand-two-line orbit used in this experiment is shown in Fig. 1 . The emission source was Tc-99m. The attenuator (water) was a cylinder with known dimensions and location. Fig. 7 shows the reconstructed images after 30 iterations. Because of the simple structure of the phantom, the images do not change very much after 30 iterations before the algorithm "diverges" in higher iterations. The images on the first row are the reconstruction with the projections only from the circular orbit and without attenuation compensation. The two extreme discs curve in vertically toward the central plane, and the activity is smeared between the discs. These are typical artifacts caused by insufficient projection data. The third disc from the top appears brighter than the other discs because the third disc has less attenuation [see Fig. 4(b) ], and the attenuation is not compensated in the reconstruction. The first column of the images is the bottom disc and is supposed to have a uniform activity. The nonzero activities between discs are referred to as slice-to-slice crosstalk artifacts [18] .
IV. RESULTS
A. Computer Simulation
The images on the second row are the reconstruction with attenuation compensation, but using only the projections from the circular orbit. The improvement from the first row is that the third disc has about the same brightness as other discs. However, the curve-in and cross-talk artifacts still remain.
The images on the third row are the reconstruction with attenuation compensation, using the projections from both the circular and linear orbits. The improvement from the second row is that the curve-in and cross-talk artifacts are reduced.
The images on the fourth row are the reconstruction with attenuation compensation, using the projections from both the circular and linear orbits and using the newly developed algorithm. The weighting factors are given in (10) . The improvement from the third row is that the curve-in and cross-talk artifacts are further reduced.
For display purposes, the images in Fig. 7 are normalized individually for each reconstruction. The central profiles of the bottom disc are shown in Fig. 8 .
B. Physical Defrise Phantom Study
Similar to Fig. 7, Fig. 9 shows the reconstructed images after 20 iterations. The images on the first row are the reconstruction with the projections only from the circular orbit and without attenuation compensation. The two extreme discs curve in, and the activities spread out due to insufficient projection data. The central part of the phantom appears darker than the edges because the attenuation is not compensated in the reconstruction. The first column of the images are the top disc.
The images on the second row are the reconstruction with attenuation compensation, but using only the projections from the circular orbit. The improvement from the first row is significant.
The images on the third row are the reconstruction with attenuation compensation, using the projections from both the circular and linear orbits.
The images on the fourth row are the reconstruction with attenuation compensation, using the projections from both the circular and linear orbits and using the newly developed algorithm. The weighting factors are given in (10) .
For display purposes, the images in Fig. 9 are normalized individually for each reconstruction. The central profiles of the top disk are shown in Fig. 10 . Compared with the results of computer simulations, in the physical phantom studies the improvement by using the linear orbits is not significant. This is because cone-beam collimators with much longer focal-length were used in the physical phantom studies. In both computer simulations and physical phantom studies, the attenuation correction significantly reduced the image artifacts and distortion.
The reconstruction program was run on a Sparc Center 2000 computer. The reconstruction time to obtain the results for the images on the fourth row of Fig. 9 was 736 s. Fig. 11 shows the reconstructed images after 50 iterations of the ML-EM algorithm. The images on the first row are the central cuts of the reconstruction with the projections from the circle-and-line orbit, and those from the second row are the reconstruction with the projections only from the circular orbit, both with attenuation compensation.
C. Physical Hoffman Brain Phantom Study
The Hoffman brain phantom is smaller than the Defrise phantom and does not have as many high-frequency components in the axial direction as the Defrise phantom has. Therefore, there are hardly any differences between the images reconstructed from the data acquired with planar and nonplanar orbits.
V. DISCUSSION
This paper implemented an iterative cone-beam algorithm which corrected for attenuation and used nonplanar scanning orbits that satisfy Tuy's cone-beam data sufficiency condition. We are unable to prove theoretically that Tuy's cone-beam data sufficiency condition can be applied to attenuated data. However, our studies suggest that Tuy's condition may be valid for attenuated cone-beam projections. Theoretical cone- beam data sufficiency conditions need to be developed in the future.
The cone-beam iterative algorithms are sensitive to the projection and backprojection models. Since each voxel has a different sampling pattern, the reconstructions may have orbitdependent artifacts. We extended the ML-EM algorithm by inducing orbit-dependent weighting strategy, and the artifacts were greatly reduced. For anisotropic scanning orbits, one may want to weight some projections more than others. For example, in the circle-and-line orbit, we weighted the projections from the linear orbit more than the projections from the circular orbit. With proper weighting, the extended ML-EM algorithm gives fewer reconstruction artifacts than the original ML-EM algorithm does. The weighting factor for each projection bin was assigned according to (10) , and a more rigorous approach to determine the orbit-dependent weighting factors is to be developed.
Generally speaking, the sampling nonuniformity artifacts are aliasing artifacts because they are caused by imperfect sampling of the image volume. In a cone-beam geometry, each voxel needs to be sampled anisotropically, and also the object itself is not sampled uniformly. The aliasing artifacts due to the anisotropic voxel sampling have to be handled. Better image voxel modeling and sampling geometries need further intensive investigation.
Nonuniform attenuation is modeled in the projector but not in the backprojector. This combination is shown to be effective and efficient. We must point out that in general if the data are inconsistent, different combinations gives different results even though the solutions are close to each other.
Finally, we suggest that the Defrise phantom should be used to test a newly developed cone-beam algorithm as a worstcase study. Some potential cone-beam artifacts may not be pronounced when a smaller phantom (e.g., the Hoffman brain phantom) is used.
APPENDIX PROJECTOR AND BACKPROJECTOR PAIR
In this Appendix we consider the problem of solving a linear system (11) with the iterative algorithm in the form of (12) Here is a diagonal matrix, whose diagonal elements are positive, controlling the step-size of each iteration. It is assumed here that the number of elements in is not less than the number of elements in Let (13) and (12) can be written as (14) If all the eigenvalues of have an absolute value less than unity, and we let (14) becomes (15) The convergent rate is determined by the distribution of eigenvalues of Equation (15) gives a general solution of the iterative algorithm expressed by (12) . The fact that all the eigenvalues of have an absolute value less than unity is equivalent to saying that the eigenvalues of are in the interval (0, 2). Since contains positive scaling parameters, it is required that the eigenvalues of be positive. In other words, is required to be a positive definite square matrix. Let us consider the following special cases.
Case 1: If (11) is consistent, (15) is independent of the choice of This property can be easily proven by using the singular value decompositions of matrices and Therefore, one can freely choose a backprojection matrix , as long as is a positive definite square matrix. Case 2: If where is the covariance matrix of then the solution given by (15) is the least-squares solution of (11) . Therefore, in (12) it is not always desirable to use when weighting is needed. Case 3: If matrix models the attenuation, but matrix does not, then can be approximately expressed as (16) where is a diagonal matrix with being the ratio of the th projection without attenuation effect and the th projection with attenuation effect. Hence is a valid backprojector, for is a positive definite square matrix, provided is positive definite. When the projection data are inconsistent, due to the weighting matrix the algorithm emphasizes heavily attenuated projections more than lightly attenuated projections.
Case 4: The iterative filtered backprojection algorithms [23] are sometimes used in reconstruction, where the data are filtered (e.g., using a ramp-filter convolver) before backprojection. Similar to Case 3, the equivalent backprojection matrix can be written as (17) where is a block-diagonal matrix with Toeplitz blocks. Matrix is not a diagonal matrix and may not be positive definite. To guarantee is positive definite, we require that the matrix be positive definite. If is not positive definite, the algorithm may diverge. Therefore, not every iterative filtered backprojection algorithm converges.
Case 5: If a projection matrix can be approximated as followed by a blurring matrix then (18) and (19) As in Case 4, we require that the blurring matrix be positive definite. In many situations, such as when modeling scatter or the system point spread function, the projection matrix cannot be factored in the form of (18) ; one can still use (12) after verifying that is positive definite. Case 6: In (12), if we filter the backprojected data with a matrix then (20) If is positive definite, the solution of algorithm (20) is (21) That is, the post-filtering does not affect the optimal solution. If the backprojected data are noisy, postfiltering may help to precondition the system. It has been shown that various backprojectors can be used in an iterative algorithm. However, the solution and convergent rate in general depend on the choice of the backprojector.
The ML-EM algorithm [see (2) ] is in the form of (12) and similar to Case 2 in this Appendix, except that the scaling matrix and the variance matrix are functions of the current estimate of the image. From iteration to iteration and change very slowly, and we may treat them as constant when analyzing the algorithm. We hypothesize that the case studies in this Appendix apply to the ML-EM algorithm.
